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This paper presents the results of rigorous investigations (without
using the precessional theory) of the motion of a horizontal gyrocompass
[gyrohorizoncompass] of the Gekeler-Anschutz type [1]. The authors pre-
sent the dynamic equations of the system, supplemented by the kinematic
equations, which are analogous to the well known equations of Poisson.

These equations, together with the initial conditions, yield the
first integral which turns out to be the generalization of the corre-
sponding integral obtained from the precessional theory as shown in
(2,3].

This integral is being used to obtain the conditions of stability of
the unperturbed motion of the system.

1. Let Ox°y°z° and Oxyz be right-handed coordinate systems whose
origins coincide with the suspension point of the gyrosphere. In the
first system the x®-axis is along the velocity vector of the suspension

point, and the zC-axis is along the earth’s
radius, directed upwards. In the second system

’ 20 I . ' " the y-axis is along the vector of the angular
v momentum, and the z-axis is parallel to the
r | 6 & Pr axis of the casings of the gyroscopes.
02 L2 P

The orientation of the 0x°y®z° system with
respect to the Oxyz system is expressed through
the angles «, B, v.

z 6 | s ¥s

The direction cosines of an axis of one of the systems with respect
to another system (using the notation shown in the table) are

10
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6, =- cos 2 cosy — sin asin Bsin ¥, 0, = —sinacosf,
0, == cos asiny + sinasinBcosy
¥, = sinxcosy + cosasinBsiny, &= cosacosB,
¥; =sinasiny —cosasin3cosy
{, = — cosPsinr, P, = sin B, Pg == cosBcosy (1.1)
The equations of motion of a gyrocompass along the x-, y- and z-axes
are
gz
dt
l%%HA—Qm+%%=@—m%y%+mmm+m%ﬁ(M)

Co+(B—A)pg+ Hp=0

ASL . (C — Byqr — Hr =—(F—m7’f—)l%—mvlﬂﬁz—ml 6,

(H = 2B’ cose)
d% .
—217’3—23'51neq=N(6)

Here A, B, C are the principal moments of inertia about the axes x,
y, z, respectively; I is the moment of inertia of the rotor and its
casing about the axis of the casing; B’ is the angular momentum of the
gyroscope; p, q, r are the x, y, z components of the angular velocity
vector of the xyz system; Q is the angular velocity of the x°y°z° system
about the zC-axis.

We have then according to [4]

. vE da* S vy
Q=Usmq>+—ﬁunq>+—d;— (tma =W) (1.3)

The remaining symbols in (1.2) and (1.3) have the same meaning as in
[1,4]. The formulas for p, g, r have the following form [1]
p= g0+ (Q+x)p +Bcosy
=150+ Q@+ )b+ 7 (1.4)
r= 49+ (Q+ )y +Bsiny
2. Let Q, and Q, be the angular velocity vectors of the systems
2%y°z° and xyz respectively, and let the unit vectors along the axes
©, ¥° 2° and x, y, z be i° j°, k° and i, j, k, respectively. Then

x
(1
Q=j7+kQ Q=ip+ijg+kr (2.1)
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¥e have, obviously, the following equations

A o .. [di® . s .
—d‘t—'—Qoxl -—(d—t>xyz+91xla “Jk) (2.2)

Here the indices zyz refer to the local derivative, while the symbols

(1°%°) mean that the remaining equations are obtained by cyclic per-
mutations. Further

i° = i6; + j6, + k8j, °=i% + j8, + ki, kK =iy, + jgs + ke,

Taking into account that

Qoxi°=j°Q—k°—;-;-, Qx j°= —1i°Q, Qoxk°=i°—%
we obtain the generalized Poisson equations in the form

a6

gl — 0, = Q% — =9y (123, pgr) (2.3)
201 4 g8, —ro, = — 08, 423, por @4
d

7;5_1 + qhs — Py = 5 6 (123, pqr) (2.5)

Hlere the symbols (123, pgr) mean that the remaining equations are
‘obtained by cyclic permutation.

3. Let v and Q be constants, and let N(e) satisfy the condition [1]

. 4B?
A (8) = T miR

sinecose (3.1)

Then, according to the last equation in the system (1.2), we have
with accuracy up to the term — 2Id%e/dt?

2B’ cose -= mlRgq (3.2)

Let us mention that if in the system which controls the moment N(e)
through a transmitter the second derivative of the signal 1s obtainable,
and the signal 1s proportional to the instantaneous value of the angle
&, then the equation (3.2) can be obtained without neglecting the term
-2Id%e/dt?. In this case N(e) must satisfy the condition

N (e) = .—%z- sinecose — 27 %— (3.3)

If the moment is controlled by a transmitter according to the formu-
la (3.3), then an investigation of stability of the control system it-
self 1s necessary.
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Using formula (3.2) we obtain the equations (1.2) in the fomm
2
A“?’t’-+(cm31)qr:-(ﬁ-m%)z¢2wmvmm
B2 4 (A—Cyrp=(F —m 5 )y + moiQd (3.4
173 A—Cyrp= 7 e s 1 3.4)
C%—{—(By—-—A)pq:O (By= B -t mlR)
4. To obtain the first integral we multiply the right and the left
members of the three equations (3.4) by p, gq, r respectively.

Adding together the multiplied equations we obtain

t  d o, 1pnd o tad o
ATt Bt gCyr=

= (F —m 2} L(q¥s — ps) -+ moiQ (g8, — pdy)

which, on taking into account the kinetic equations (2.4} and (2.5) be-
comes

1

d 1 d 1 d 2 d
,—&A—a—t—pz“i‘—z—BlTi?qz+~2—CWTZM(F“—IRI——)Z—*‘P3~——’”U[Q—@1_‘

R dt dt
v v?
S— Ti,.(F —m ——-mREP) 16, (4.1)

We shall multiply now the equations (3.4) and (2.5} by y,, W, Wy
and Ap, B q, Cr respectively.

Adding together the left and the right members and taking into account
that ¢,0;, — 1, = 8;, we obtain

A-S(p92) + By () + € 2 (ris) =
= molQ8; + 5 (Aphy + Bighs + Créy) (4.2)

Next we shall multiply the equations (3.4) and (2.4) by 9;, Oy, G,
and Ap, B,q, Cr respectively, add them together and obtain also

A% (p9) + By 2 (g9 + C L (r0,) =
= (F —m i)j:—) 183 — Q (Apby + Big8, + Crby) (4.3)

From (4.2) and (4.3) it follows that
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(425 (W) + By g (g + C g () | @ +
[ 4 5 (P8 + Bu 5 (g9 + € 5 (rd9)| 1 =

Combining the above expression with (4.]1) we obtain the integrable
equation

1 d 1 d t l'4 i v? ds dd
—2—A~d—t—p2+E-Bxd—t-qz—*--Z—C—‘—ﬂ—rz—(F——m—ﬁ) T—mvlg d[s ==

= [A5-(P9) + By (@9 + € 5-040)] @ +

d : 2 L ¢ 8
+ [A -5 (P8) + By (g8:) + € ;,T(r\‘}s)]‘;“

which yields the sought first integral

V=1 (Ap*+ Bt + CrY) — (F — m%\) [y — mlQ, —
— (ApYPy + B1g¥, + Crs) Q— (ApD; 4 Bigd, + C"ﬁa)'}l;’ =Cy (4.5)

Let us mention that 1f we neglect the inertial terms containing the
moments of inertia A, B, C as multipliers, then with accuracy to con-

stant terms the formula (4.6) reduces to the integral obtained by Merkin
in [2].

5. The integral (4.6) can be used for the analysis of stability of
motion of a horizontal gyrocompass. For this purpose let us turn back to
the equations (3.4) and to the formulas (1.1) and (1.4).. From them it

fallows that the position of equilibrium of the system occurs at the
following values of the coordinates a, B, y

a=0, (=3 7=

G
and further P* satisfies the equation
{ . . *
(C — By) {—2— [92 — (%)z]stB -+ —%Qcos 2B } =
= — (F——m—%z—)lsin 3* — mvlQ cosB* (5.2)

The motion described by the equation (5.1) is assumed to be
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unperturbed. In the perturbed motion we shall set

& = Iy, B“’B*‘i‘xm T=23 (53)
Wé shall denote by V,, the value of the function V when Xy = 2,=x,=0
and x1 Xy = x3 0, and construct the difference V — V,, obtaining

V —Vo= 5 (Bysin®B* + C cos* B*) 3,2 + 5 43,2 + 5 By +
+ By sinBays + 5 o [- A 5+ By cosp* (5 cosB* + Qsin p*) +
+ CsinB* (4 sin B* — Qcos a*) — mIRQsin ;3*] 22+
T
+ (F —m ) L cos p* — molQsin p*} 2,2 +
+ 5 [(€— A)(Qeospr — 5T ot (F— )t c0s B* — molQsin B* o +
42 [(c — 4)( sing* —Qcos B*) — mzm] Zxg e (5.4)

where the dots denote higher order terms of x and x_, which were
neglected.

The expression (5.4) can be simplified if we keep only second order
terms of x_, P* and of the corresponding derivatives. Then

V—Vo =5 Ca+ 3 A2 + 5 B+ 5 (Br— 4) () o +
+{Cc—By[@—(F)]+ (F—mi) o+ (5.5)
+ _:i_[(c__ 4)Q2 1+ (F-—m—j-?i) l]xsg— {mle +(C — A)%—Q]xlx;; +oee

Noticing that the first three terms in (5.5) represent a positive-
definite quadratic form we shall consider the form

W= (Bi—4) (%) o + 5 {(F m——)l+(C Bl)[sz% <U)J}x2+
+ %[(F——m-%-)lu}— (€ — A)szz]xaz ———[mvl.Q 4+ (C— A)T‘;-Q]xlxs (5.6)

Applying to (5.6) the criterium of Sylvester we find out that ¥ would
be positive-definite at sufficiently small values of x_ if the follow-
ing inequalities are satisfied

B— A+ mlR>0, Fl—mlRQ®+ (C~B)[Q2-(%)z]>o 5.7)
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(F—ma)(1 + 3_7171)“ mRQz[1 e (1+ Cn;,f)}>o (5.7)

Under the conditions (5.7) the form V - ¥ would also be positive-
definite.

Since on the strength of the equations of the perturbed motion the
total derivative of the above form equals identically zero, the unper-
turbed motion (5.1), according to Liapunov, is stable.

The sufficient conditions of stability (5.7) permit degeneration
which makes them applicable also for the precessional theory. If in
(5.7) we neglect the terms containing 4, B, C as multipliers we sbtain
the 1nequality

F—m2 —mRQ? >0 (5.8)

which has been established previously in [2].

The above condition follows also from (5.7) in the case of a full
kinetic symmetry, that is when 4 = B = C.

If the centrifugal acceleration v2/R is added to the gravitational
acceleration, then from (5.8) we obtain the inequality

Qv v=V&IR (5.9)

which has been obtained previously in [2-4].

It has been shown in [2] (in the precessional case and with small
dissipative forces), that the inequality (5.9) is not only the sufficient
but also the necessary condition of stability. The reasoning which has
been used in [2] is also applicable to our case.

6. Let us consider the transcendental equation (5.2) from which we
can easily obtain an approximate expression for B* in the case when the
base is stationary. Assuming that * is small and assuming also that
F - m?/R = mg, we have

. (C — B)U?sin @ cos @ a
B T 7 mgl—(C—-By)Utcos2¢ (5.1)

Taking into account that mgl >> (C - Bl)Ua cos 2¢, we obtain from
(6.1)

. C—B 1 U?sin2
B = — g Bs (=) (6:2)

The quantity P* is measured in fractions of an arc second and is of
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no practical importance.
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